\%{ikiStat 1 Data Science - High dimensional regression

e Generically, (€;)1<i<n is assumed to be i.i.d. replications of a centered
and squared integrale noise

Data Science - High dimensional

regression Bl-0  E]<oo
Summar A standard assumption even relies on the Gaussian structure of the errors
y €; ~ N (0,1) and in this case, the log-likelihood leads to the minimiza-
Linear models are popular methods for providing a regression of a tion of the sum of square and
response variable Y, that depends on covariates (X1,...,X,). We
. . . . . . . n
introduce the problem of high dlmens‘lonal regression and provide BaiLp = arg min z 1Y; - Xf IBHQ _ )
some real examples where standard linear models methods are not BeRP ;=]

well suited. Then, we propose some statistical resolution through the
LASSO estimator and the Boosting algorithm. A practical session
is proposed in the end of this Lecture, since the knowledge of these
modern methods is needed in many fields.

=J(8)

1.2 Matricial traduction & resolution

From a matricial point of view, the linear model can we written as follows :

1 Back to linear models
Y = Xf +e¢, Y eR", X e M, ,(R), 5 eRP

1.1 Sum of squares minimization
In this lecture, we will consider situations where p varies (typically increases)

In a standard linear model, we have at our disposal (X, Y;) supposed to be  with n.
linked with
Y; = X[ +e,1<i<n.
y = X Ié] + €
In particular, each observation X is described by p variables (Xil, LX),

so that the former relation should be understood as \7...-
+ noise

p _ n
Yi=) BiX]+e,1<i<n.
20 l.

=
We aim to recover the unknown (3*.

e A classical “optimal” estimator is the MLE : nx1 nxp px 1 nx 1

Bure = arg max L(B, (Xi,Yi)1<isn),
It is an easy exercice to check that (1) leads to

where L denotes the likelihood of the parameter 3 given the observations .
(Xi7Yi)1Si£7l' BMLE = (XLX>71XLY.
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This can be obtained while remarking that J is a convex function, that pos-
sesses a unique minimizer if and only if X*X has a full rank, meaning that .J
is indeed strongly convex :

D?J=X'X,

which is a squared p x p symmetric and positive matrix. It is non degenerate if
XX has full rank, meaning that necessarily p < n.

PROPOSITION 1. — B M LE Is an unbiased estimator of By such that
2y . [ X(betanp—B*)3 . 2
o Ife~N(0,02) ; XCetarre=PDl 2

. o2
[ )

1 Barzs - 6913
n

0'2p
n

Main requirement : X *X must be full rank (invertible) !

1.3 Difficulties in large dimensional case

Example One measures micro-array datasets built from a huge amount of
profile genes expression. From a statistical point of view, we expect to find
among the p variables that describe X important ones.

Number of genes p (of order thousands). Number of samples n (of order
hundred).

-Y; expression level of one gene on sample ¢

-X; =(X;1,...,X;,) biological signal (DNA micro-arrays)

Diagnostic help : healthy or ill ?

Linear model ?

e Select among the genes meaningful elements : discover a cognitive link
between DNA and the gene expression level.
e Find an algorithm with good prediction of the response ?

Difficult to imagine : p > n !

e XX is an p x p matrix, but its rank is lower than n. If n << p, then
rk(X'X) <n<<p.

« Consequence : the Gram matrix X ‘X is not invertible and even very
ill-conditionned (most of the eigenvalues are 0 !)

e The linear model B ML E completely fails.

e One standard “improvement" : use the ridge regression with an additio-
nal penalty :

Blidse ~ arg min [Y - X B3 + A B3
BeRP

The ridge regression is a particular case of penalized regression. The
penalization is still convex w.r.t. 8 and can be easily solved.

e We will attempt to describe a better suited penalized regression for high
dimensional regression.

e Our goal : find a method that permits to find Bn such that :
— Select features among the p variables.
— Can be easily computed with numerical softs.
— Possess some statistical guarantees.

1.4 Goals

Important and nowadays questions :

e What is a good framework for high dimensional regression ? A good
model is required.

e How can we estimate ? An efficient algorithm is necessary.

e How can we measure the performances : prediction of Y ? Feature se-
lection in /3 ? What are we looking for ?

o Statistical guarantees ? Some mathematical theorems ?
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2 Penalized regression

2.1 Important balance : bias-variance tradeoff

A classical result in statistics states that a good estimator should achieve a
balance between bias and variance.

Example : In high dimension :
e Optimize the fit to the observed data ?
e Reduce the variability ?

°

Standard question : find the best curve... In what sense ? Several regressions :
o Left : fit the best line (1-D regression)
o Middle : fit the best quadratic polynomial
e Right : fit the best 10-degree polynomial

T TR T

. .
. # . |
. . . : . . . : :
a0 as o o a0 as o o s oo
x x x

Now I am interested in the prediction at point = 0.5. What is the best ?

If we are looking for the best possible fit, a high dimensional regressor will be
convenient.

Nevertheless, our goal is to generally to predict y for new points = and a

standard matching criterion is

C(f) =ExyY - FO)%

Erreur

005 010 015 020 025 030

0.00

It is a quadratic loss here, and should be replaced by other criteria (in classifi-
cation for example).

Degré du polynéme

e When the degree increases, the fit to the observed data (red curve) is

always decreasing.

e Over the rest of the population, the generalization error starts decreasing,

and after increases.

e Too simple sets of functions cannot contain the good function, and opti-
mization over simple sets introduces a bias.
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e Too complex sets of functions may contain the good function but are too
rich and generates high variance.

The former balance is illustrated by a very simple theorem.

Y=f(X)+e with E[e] =0.

THEOREME 2. — For any estimator f one has

C(f)=E[Y - f(X)]* = E[Y-E[f(X)]]

+E[E[f(X)] - f

+

0]

e The blue term is a bias term.
e The red term is a variance term.
e The term is the

Statistical principle :

and is independent on the estimator f .

The empirical squared loss |Y — f(X) |3.,, mimics the bias. It is the sum of
squares in (1). Important needs to introduce something to quantify the variance
of estimation : this is provided by a penalty term.

2.2 Ridge regression as a preliminary (insufficient)
response
Ridge Ridge regression is like ordinary linear regression, but it shrinks the

estimated coefficients towards zero. The ridge coefficients are defined by sol-
ving

Bridge = arg min Iy - X813 + AlBI3

Here A > 0 is a tuning parameter, which controls the strength of the penalty
term. Write SRiqge as the ridge solution. Note that :
e When X = 0, we get the linear regression estimate

e When ) = +00, we get BRidge =0
e For \ in between, we are balancing two ideas : fitting a linear model of
Y on X, and shrinking the coefficients.

Ridge with intercept When including an intercept term in the regression,
we usually leave this coefficient unpenalized. Otherwise we could add some
constant amount ¢ to the vector Y, and this would not result in the same solu-
tion. Hence ridge regression with intercept solves

4 o : t a2 2
Bridge = arg_min Y - - X*5[3 + X33

If we center the columns of X, then the intercept estimate ends up just being
¢ =Y, so we usually just assume that Y and X have been centered and don’t
include an intercept.

Also, the penalty term | 3|3 is unfair is the predictor variables are not on the
same scale. (Why ?) Therefore, if we know that the variables are not measured
in the same units, we typically scale the columns of X (to have sample variance
1), and then we perform ridge regression.

Bias and variance of the ridge regression The bias and variance are not
quite as simple to write down for ridge regression as they were for linear re-
gression (see Proposition 1) but closed-form expressions are still possible. The
general trend is :

o The bias increases as A (amount of shrinkage) increases

o The variance decreases as A (amount of shrinkage) increases
Think : what is the bias at A = 0 ? The variance at A = +o0 ?
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--== Linear regression
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e What you may (should) be thinking now : this only work for some values
of \ so how would we choose A in practice ? As you can imagine, one
way to do this involves cross-validation.

e What happens when we none of the true coefficients are small ? In other
words, if all the true coefficients are moderate or large, is it still helpful to
shrink the coeffi- cient estimates ? The answer is (perhaps surprisingly)
still “yes”. But the advantage of ridge regression here is less dramatic,
and the corresponding range for good values of A is smaller.

Variable selection To the other extreme (of a subset of small coefficients),
suppose that there is a group of true coefficients that are identically zero. That
is, that the mean outcome doesn’t depend on these predictors at all, so they are
completely extraneous.

The problem of picking out the relevant variables from a larger set is called
variable selection. In the linear model setting, it means estimating some co-
efficients to be exactly zero. Aside from predictive accuracy, this can be very
important for the purposes of model interpretation.

So how does ridge regression perform if a group of the true coefficients was
exactly zero ? The answer depends whether on we are interested in prediction
or interpretation. In terms of prediction, the answer is effectively exactly the
same as what happens with a group of small true coefficients—there is no real
difference in the case of a large number of covariates with a null effect.

But for interpretation purposes, ridge regression does not provide as much
help as we would like. This is because it shrinks components of its estimate to-

ward zero, but never sets these components to be zero exactly (unless A = +oo,
in which case all components are zero). So strictly speaking, ridge regression
does not perform variable selection.

3 Sparsity : the Lasso re(s)volution

3.1 Sparsity assumption

An introductory example :

e In many applications, p >> n but...

e Important prior : many extracted feature in X are irrelevant

¢ In an equivalent way : many coefficients in 5, are "exactly zero".

e Forexample, if Y is the size of a tumor, it might be reasonable to suppose
that it can be expressed as a linear combination of genetic information
in the genome described in X. BUT most components of X will be zero
and most genes will be unimportant to predict Y :

— We are looking for meaningful few genes
— We are looking for the prediction of Y as well.

y = X B + €
T ]
= ... .. + noise
; |
|
nx1 nxp pxi px1

Dogmatic approach :
e Sparsity : assumption that the unknown [y we are looking for possesses
its major coordinates null. Only s of them are important :

s:=Card {1 <i<p|By(i) #0}.

e Sparsity assumption :
§<<mn

¢ It permits to reduce the effective dimension of the problem.
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¢ Assume that the effective support of 3y is known, then THEOREME 4. — [Envelope of B — || 8]o]
e On[-1,1]% the convex envelope of 3 — | B0 is B — | B]|1.

y = X B +e — y = Xs Bs +e e On[-R, R]%, the convex envelope of 3 — || B|o is 3 — @.
_'-'f-.. ==, i s i Idea : Instead of solving the minimization problem :
= .l ! +e€ - = “+€ -
= e e vseN  min ¥ - XB[3, @
e If S is the support of 3y, maybe stXg is full rank, and linear model e are looking for

can be applied. . )

Major issue : How could we find S ? ve > min [V - X3, 3)
I-15(8)<C

3.2 Lasso relaxation What's new ?

e The function |.|§ is convex and thus the above problem is a convex

Ideally, we would like to find 3 such that o . .
minimization problem with convex constraints.

B, = arg min [V - X B3, e Since ||.[5(5) < | B, it is rather reasonnable to obtain sparse solutions.
BilBloss In fact, solutions of (3) with a given C' provide a lower bound of solu-
meaning that the minimization is embbeded in a £, ball. tions of (2) with s < C.

o If we are looking for good solutions of (2), then there must exists even

In the previous lecture, we have seen that it is a constrained minimization 1
better solution to (3).

problem of a convex function ... A dual formulation is

argﬂ:“y?§%|‘ <€{H Blo} 3.3 Geometrical interpretation (in 2 D)

But : The ¢, balls are not convex and not smooth !
o First (illusive) idea : explore all £y subsets and minimize ! Bullshit since :

C, subsets and p islarge!

e Second idea (existing methods) : run some heuristic and greedy methods
to explore ¢y balls and compute an approximation of /3,,. (See below)
e Good idea : use a convexification of the |||o norm (also referred to as a

convex relaxation method). How ? Left : Level sets of |Y - X 3|| and intersection with ¢! ball. Right : Same

) i o ] with £2 ball.
Idea of the convex relaxation : instead of considering a variable z € {0,1},

imagine that z € [0, 1].
& zel0.1] The left constraint problem is likely to obtain a sparse solution. Oppositely,

DEFINITION 3. — [Convex Envelope] The convex envelope f* of a function f the right constraint no !
is the largest convex function below f. In larger dimensions the balls are even more different :
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e Analytic point of view : why does the ¢! norm induce sparsity ?
¢ From the KKT conditions (see Lecture 1), it leads to a penalized crite-

rion
Controls the variance
: 2+ A8
min Y-X <~ min||Y - X +
ptin Y - XBJ3 = min |V - XB[ 4 A4,

Mimics the bias
o In the 1d case : argminaer 3 [z — of* + A|z] :
—_—

= ()

e The minimal value of ¢ is reached at point x* when 0 € py (z*). We
can check that z* is minimal iff
— z* #0and (z* — @) + Asgn(x*) = 0.
— 2* =0and dp3(0) >0 and dp; (0) < 0.
PROPOSITION 5. — [Analytical minimization of py ]

1
" = sgn(a)[|a] - \]+ = argmin {f|x —a*+ )\|w|}
zeR (2

e For large values of ), the minimum of ¢ is reached at point 0.

3.4 Lasso estimator

We introduce the Least Absolute Shrinkage and Selection Operator :
VA>0  plasso_ arg min IY = XB%+ A8
eRP

The above criterion is convex w.r.t. 5.

Efficient algorithms to solve the LASSO, even for very large p.

e The minimizer may not be unique since the above criterion is not stron-
gly convex.

e Predictions X Bﬁ“ss" are always unique.

e )\ is a penalty constant that must be carefully chosen.

o Alarge value of ) leads to a very sparse solution, with an important bias.

e A low value of \ yields overfitting with no penalization (too much im-
portant variance).

e We will see that a careful balance between s, n and p exists. These para-

meters as well as the variance of the noise o2 influence a “good " choice

of \.

Alternative formulation :

ALasso : 2
Y-X
Bn O I Bl

= ar

3.5 Principle of the MM algorithm

Algorithm is needed to solve the minimization problem

arg min |V - X 3|35 + A 81 -
BeRP

=px(B)

An efficient method follows the method of "Minimize Majorization" and is
referred to as MM method.
e MM are useful for the minimization of a convex function/maximization
of a concave one.
e Geometric illustration
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e Idea : Build a sequence (x>0 that converges to the minimum of ).

e A particular case of such a method is encountered with the E.M. algo-
rithm useful for clustering and mixture models.

e MM algorithms are powerful, especially they can convert non-
differentiable problems to smooth ones.

1. A function g(8, 8x) is said to majorize f at point Sy if

9(BelBr) = f(Br) 9(B1Br) 2 f(B), VB e R.
2. Then, we define

and

Brer = arg min (f5|5)

3. We wish to find each time a function g(.,S;) whose minimization is
easy.

4. An example with a quadratic majorizer of a non-smooth function :

o
°

7

°
° T T T
E) -1 0 1 2

5. Important remark : The MM is a descent algorithm :

f(Br1) 9(Br+1lBr) + f(Bre1) = 9(Brs1|Br)
g(ﬂk|ﬁk) = f(Br)

IN

“4)

3.6 MM algorithm for the LASSO

We can deduce for the LASSO the coordinate descent algorithm
1. Define a sequence (8% )x»0 <> find a suitable majorization.
2. g : B~ |[Y = XB|? is convex, whose Hessian matrix is X*X. A

Taylor’s expansion leads to

VyeR?  g(y) <g(x)+(Vg(x),y-z)+p(X)|y - =],

where p(X) is the spectral radius of X.

3. We are naturally driven to upper bound ) as

eAx(B) < ox(Br) +(Vg(Br), B - Bi) + p(X)[ 8- Brl3 + A8l
= () + p(X) Hs(gzﬂf;g) A= 9)

The important point with this majorization is that it is “tensorized” : each
coordinates acts separately on ¢ ().

4. To minimize the majorization of ¢, we then use the above proposition
of soft-thresholding :

e Define 4 4
Bl =B - Va(Br) [p(X).

e Compute

i 3 2N
Bk” = sgn(ﬂk)max[wk p(X)]+
4 Running the Lasso
4.1

It is an important issue to obtain a good performance of the method, and
could be almost qualified as a “tarte a la créme” issue.

Choice of the regularization parameter

We won’t provide a sharp presentation of the best known results to keep the
level understandable.
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It is important to have in mind the extremely favorable situation of an almost
orthogonal design :
Xtx
=

I,.

In this case solving the lasso is equivalent to
1
2n

Solutions are given by ST (Soft-Thresholding) :

min [ X"y - w3 + Aw]

(|t\—a)+sign([)

1 1
;= ST (fxt, ):s:r (99+7X? )
w] A n 7 y A 7 n J €
We would like to keep the useless coefficients to 0, which requires that
1
A2 =Xje Vjels.
n
The random variables %X ]‘?e are i.i.d. with a variance o2 /n.

PROPOSITION 6. — The expectation of the maximum of p — s Gaussian stan-

dard variables is
E[ max X;]~+/2log(p-s).

1<i<p-s
We are naturally driven to the choice

A=Ao Ing,

n

A>V2.

with

Precisely :
2
P(VjeJs:|Xiel<n))>1-p=A /%

4.2 Theoretical consistency

An additionnal remark is that we expect ST — Id to obtain a consistency
result. It means that A — 0, so that

lng — 0
n

Hence, a good behaviour of the lasso can be expected only if we have the next
dimensional settings :

pn = O(exp(n'™)).

THEOREME 7. — Assume that logp << n, X has norm 1 and ¢; ~ N(O,O’2),
then under a coherence assumption on the design matrix XX, one has

i) With high probability, J(0,,) c J.
ii) There exists C such that, with high probability,

|X (6, - 60)]3 < C ”splogp
n T K2 n

)

2

where K2 is a positive constant that depends on the correlations in X' X.

One can also find results on the exact support recovery, as well as some
weaker results without any coherence assumption.

N.B. : Such a coherence is measured through the almost orthogonality of the
colums of X. It can be traduced in terms of

[sup(X;, X;)| <e.

%]

4.3 Practical calibration of \

In practice, A is generally chosen according to a criterion that is data de-
pendent, e.g. a criterion that is calibrated on the observations through a cross-
validation approach. In general, the packages implement this automatic choice
of the regularization parameter with a CV option.
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5 Numerical example

5.1 Very brief R code
5.1.1 About the use of the Ridge regression

library (lars)

data (diabetes)

library (MASS)

diabetes.ridge <- lm.ridge (diabetesSy ~ diabetes$x,
lambda=seq(0,10,0.05))

plot (diabetes.ridge, lwd=3)
8 -
% e —— oo
3 o - T
g°l — T/
-2
o
<
I
o
Y T J ! ‘ ‘
0 2 4 6 8 10
x$lambda

We can see that the influence of the regularization parameter A of the ridge
regression is important ! But a good choice of A is difficult and should be data-
driven. That is why a cross-validation procedure is needed. Does the ridge
regression performs variable selection ?

5.1.2 About the use of the Lasso regression

library (lars)
data (diabetes)
diabetes.lasso =

lars (diabetes$x, diabetesSy,

type='lasso’)
plot (diabetes.lasso)

Lars algorithm : solves the Lasso less efficiently than the coordinate descent
algorithm.

LASSO
0 2 3 4 5 7 8 10 12

500
I
T
6

0

Standardized Coefficients

-500

T T T
0.0 0.2 0.4 0.6 0.8 1.0

|betal/max|beta|

Typical output of the Lars software :
o The greater £* norm, the lower \
e Sparse solution with small values of the |.|; norm.
We can see that each variable of the diabetes dataset enter the model suc-
cessively as long as A decreases to 0. Again, the choice of A should be done
carefully with a data-driven criterion.

5.2 Removing the bias of the Lasso

Signal processing example :
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data and unknown signal OLS estimator We define
Al - : <+ . | fGauss _ . 7 _ HLasso
= A 5 = Ll B % sznSa f =T (Y) with Jo = Supp(e )’
Voshod ) i [feoq |
| Iy o IR | ' i . . . .
i I. i) '1 "I i '-‘ AR Y where 7 ; is the IL? projection of the observations on the features selected by
R 7 ¢l
> 1t vy N -~ |l X A the Lasso.
Vv vha e os ] oy e 4
" WA 7 b A
o v l.; o ¥ N ooy l: Gauss-Lasso Adaptive-Lasso
? 79 =+ - N = - N
T T T T T T T T T T T T "=~ signal A *=- signal
PR Gauss-Lasso o - a S Adaptive-Lasso
0.0 0.2 0.4 0.6 08 1.0 0.0 0.2 0.4 0.6 0.8 1.0 n ;“ Fr—
| R :
. ; o 3 W—r.‘lj‘.l.l A
_— : AT
- | I 7, 5N = | I.l 1 g1 ’ 2y
. . . . . ° 7 I AR 1 o e jos
We have n = 60 noisy observations Y (i) = f(i/n) + €;. f is an unknown - R AN, -] UoVaegy
periodic function defined on [0, 1], sampled at points (i/n). €; are independent o ;v b o ;v
realizations of Gaussian r.v. We use the 50 first Fourier coefficients : @ - @
T T T T T T T T T T T T
. . . 0.0 0z 04 0.6 08 1.0 0.0 0.2 04 06 0.8 1.0
po(@) =1, poy(a) =sin(2jma) oy (w) = cos(2jma),
x x

to approximate f. The OLS estimator is

p

A p A . A . n .
fOLS(x) = Z; ]»OLSgoj(x) with BOLES = argmﬁln Z;(Yi—ZE)ﬁjgoj(z/n
J= i= =

J

The OLS does not perform well on this example.

We experiment here the Lasso estimator with A = 30/ 210% and obtain

Lasso

T1216 Adaptive Lasso is almost equivalent :
)”
|Bi

|BGauss|
J

. p
/BAdaptlve Lasso _ arg gelﬁg% HY _ XBH% + Z

j=1
This minimization remains convex and the penalty term aims to mimic the ¢°
penalty.

The Adaptive Lasso is very popular and tends to select more accurately the
variables than the Gauss-Lasso estimator.

o Lasso estimator reproduces the oscillations of f but these oscillations
are shrunked to 0.

o When considering the initial minimization problem, the ¢! penalty se-
lect nicely the good features, but introduces also a bias (introduces a
shrinkage of the parameters).

e Strategy : select features with the Lasso and run an OLS estimator using
the good variables.


http://wikistat.fr

\éﬁ”l kistat

12 Data Science - High dimensional regression

6 Homework

Length limitation : 6 pages !
Deadline : 22th of February.
Group of 2 students allowed.

1. You are asked first to follow the practical session on the Cookie database,
that can be found in Moodle.

You will need to install some packages with R.

2. Once you finish this practical session, please produce a short sum-
mary with a few quantity of numerical illustrations and comments. This
content could form the first part of your report. A special attention should
be paid to Ridge, Lasso regression and cross validation. Since this last
method has not been described in this lecture, I expect a brief description
of the method in the report and a discussion about its use.

3. To produce the same document, you are asked to complement your pro-
duction with a gentle introduction to either

(a) Weak greedy algorithm (Boosting methods).

e V. N. Temlyakov. Weak Greedy Algorithms. Advances in Com-
putational Mathe- matics, 12(2,3) :213-227, 2000.

e J. A. Tropp. Greed is good : algorithmic results for sparse ap-
proximation. IEEE Trans. Inform. Theory, 50(10) :2231-2242,
2004.

e M. Champion, C. Cierco-Ayrolles, S. Gadat, M. Vignes,
Sparse regression and support recovery with L2-Boosting
algorithms. Journal of Statistical Planning and Inference
http ://dx.doi.org/10.1016/].jspi.2014.07.006.

e P. Buhlmann and B. Yu. Boosting. Wiley Interdisciplinary Re-
views : Computational Statistics 2, pages 69-74, 2010.

(b) Aggregation method (Exponential Weighting Aggregation)
e A.Dalalyan, A. Tsybakov (2012). Sparse regression learning by
aggregation and Langevin Monte-Carlo. J. Comput. System Sci.,
78(5), pp. 1423-1443.
e A. Dalalyan and A. Tsybakov (2009). Sparse Regression Lear-
ning by Aggregation and Langevin Monte-Carlo. In COLT 2009

- The 22nd Conference on Learning Theory, Montreal, Quebec,
Canada, June 18-21, 2009, pp. 1-10.

e J. Salmon and A. Dalalyan (2011). Optimal aggregation of affine
estimators. In Journal of Machine Learning Research - Procee-
dings Track 19, pp. 635-660.

The description of the algorithm could then form the second part of your
report. You are asked to mainly describe the general behaviour of the
algorithm.

4. The last part of your report should compare this new algorithm with the
Lasso from a numerical point of view. You can either code the Boosting
procedure (in matlab, R, python, ...) or use a package. Please, provide a
reproducible simulation with sources code. This comparison should be
understood from :

e speed of the algorithm

e statistical accuracy of the method

e ability to handle large datasets

e casy to use calibration of parameters
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