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IE(Y |X ) = f (X ) = β?0 + β?1X1 + · · ·+ β?pXp = β?0 + β?X

X the explanatory variables (independent variable or set of predictors)
Y the response to be predicted (dependent variable)
β = (β1, . . . , βp)> the parameters (unknown)
β0 the intercept (also unknown)
p the number of variables of the model



More notations

IE(Y |X ) = f (X ) = β?0 +

p∑
j=1

β?j Xj

β? the true parameters (the good)
β̂ the estimated parameters (the bad)
β the free parameter (the ugly)

β̂ = argmin
β∈IRp

J(β, data)

The parameter estimation error (unknown)

‖β? − β̂‖2

The prediction error (unknown)

‖Y − ŷ‖2 with ŷ = β̂0 +

p∑
j=1

β̂jXj
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Data: N = 446 and p = 10 + 1 (Diabetes)

X =


age sex ... xp=10
59 2 ... 87
...

... ...
...

36 1 ... 92

 ; y =


diab.
151
...
57





The least squares estimation principle

Linear model

f (x) = β0 +

p∑
j=1

βjxj

Minimize the residual sum-of-squares (RSS)

β̂ ls = argmin
β∈IRp

RSS(β, data)

RSS(β, data) =
n∑

i=1

(
yi − f (xi )

)2
=

n∑
i=1

(
yi − β0 −

p∑
j=1

xijβj
)2

= ‖y − ŷ‖2 with ŷi = f (xi ), i = 1, n



The intercept as a parameter
X_1 X_2 X_3 ... X_10 Y
-----------------------------------------------------
-0.6416 -0.3934 -0.7313 ... 0.9820 0.5524
0.8415 2.1730 0.3442 ... 1.6411 0.7336
0.6521 0.5006 3.4307 ... -0.5842 -1.6001
0.1848 -0.2535 0.3812 ... -0.8544 -0.3328
0.3635 0.5542 1.9298 ... 0.6564 0.6291
0.5890 -0.2903 1.5685 ... -1.6603 -0.5648
0.5153 -0.4606 0.2263 ... 1.6934 -1.0449
0.9598 1.2378 -2.0753 ... 0.5395 -0.4543
1.9332 2.2013 -0.2789 ... 0.2030 -1.4092
-0.0956 -2.0578 -0.9055 ... -2.3387 1.0096
0.5377 2.7694 1.4090 ... -0.3034 0.3252
1.8339 -1.3499 1.4172 ... 0.2939 -0.7549
-2.2588 3.0349 0.6715 ... -0.7873 1.3703
0.8622 0.7254 -1.2075 ... 0.8884 -1.7115
0.3188 -0.0631 0.7172 ... -1.1471 -0.1022
-1.3077 0.7147 1.6302 ... -1.0689 -0.2414
-0.4336 -0.2050 0.4889 ... -0.8095 0.3192
0.3426 -0.1241 1.0347 ... -2.9443 0.3129
3.5784 1.4897 0.7269 ... 1.4384 -0.8649



x11 x12 . . . x1j . . . x1p
x21 x22 . . . x2j . . . x2p
...

...
...

...
...

...
...

xi1 xi2 . . . xij . . . xip
...

...
...

...
...

...
...

xn1 xn2 . . . xnj . . . xnp





y1
y2
...
yi
...
yn


p = 10, n = 19

beware

X =



1 x11 x12 . . . x1j . . . x1p
1 x21 x22 . . . x2j . . . x2p
...

...
...

...
...

...
...

1 xi1 xi2 . . . xij . . . xip
...

...
...

...
...

...
...

1 xn1 xn2 . . . xnj . . . xnp


n lines and p + 1 columns

ŷ = Xβ



Intercept elimination through preprocessing
Y = β0 +

p∑
j=1

βjxj + ε

The normalized input variable is x̃j =
xj−x̄j
σj

with x̄j = 1
n
∑n

i=1 xij

f (x) = β0 +

p∑
j=1

βj(σj x̃j + x̄j)

= β̃0 +

p∑
j=1

β̃j x̃j

with β̃0 = β0 +

p∑
j=1

βj x̄j and β̃j = βjσj

The least square estimate of β̃0 is ̂̃β0 = ȳ = 1
n
∑n

i=1 yi
so that, with ỹ = y − ȳ the equivalent intercept free model is

ỹ =

p∑
j=1

β̃j x̃j + ε





How do we minimize the residual sum-of-squares
The cost

RSS(β, data) = ‖y − Xβ‖2
= (y − Xβ)>(y − Xβ)
= y>y − 2β>X>y + β>X>Xβ

The gradient
∇βRSS(β, data) = −2X>y + 2X>Xβ

The Hessian
∇2
βRSS(β, data) = 2X>X

The Fermat’s rule

β̂ ls = argmin
β∈IRp+1

RSS(β, data) ⇔ ∇βRSS(β̂ ls, data) = 0

The unique solution
β̂ ls = (X>X )−1X>y



The least square estimator

(X>X )−1 must exist
Optimality as orthogonality

∇βRSS(β̂ ls, data) = 0 ⇔ X>(y − X β̂ ls) = 0

ŷ = X β̂ ls = X (X>X )−1X>y = Hy

with H the hat matrix (also called projector of influence matrix)

H = X (X>X )−1X>



Statistical analysis of β̂ ls

the xj are fixed (non random).

Y = β?0 +

p∑
j=1

β?j xj + ε = Xβ? + ε

Gaussian and uncorrelated error assumption ε ∼ N (0, σ2)

β̂ ls = (X>X )−1X>Y

IE(β̂ ls) = (X>X )−1X>IE(Y )
= (X>X )−1X>Xβ? + IE(ε) = β?

V (β̂ ls) = (X>X )−1X>V (Y )X (X>X )−1

= (X>X )−1σ2

β̂ ls ∼ N (β?, (X>X )−1σ2)

Variance unbiased estimates

σ̂2 =
1

n − p − 1

N∑
i=1

(yi − ŷi )
2 ∼ σ2χ2

n−p−1



Z-score: how likely β?j = 0

zj =
β̂ ls

j

σ̂
√vj
∼ tn−p−1 with vj the jth diagonal element of (X>X )−1



Example: Prostate Cancer



Subset selection

Why subset selection?
- prediction accuracy → remove spurious variables
- interpretation → reduce the number of variables

Different solutions
- exact solution: best subset minimizing ‖β‖0 as well
- greedy approaches

I forward selection (stepwise)
I backward selection (stepwise)
I Forward-Stagewise Regression
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The variable lattice
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The Shrinkage
Find better estimate - continuous

Shrinkage estimate

β̂S
j = (1− α)β̂ ls

j 0 ≤ α ≤ 1

Justification from the James-Stein estimator (1960)

β̂JS
j =

(
1− (p − 2)σ2

‖β̂ ls
j ‖2

)
+

β̂ ls
j

the estimator risk and its bias variance decomposition

IE(‖β? − β̂‖2) = IE(‖β? − IE(β̂) + IE(β̂)− β̂‖2)

= ‖β? − IE(β̂)‖2 + IE(‖β̂ − IE(β̂)‖2)

improve the estimation
add some bias
reduce the variance
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The ridge regression: a L2 penalty
(Hoerl and Kennard, 1970).
given 0 ≤ λ, minimize

RSSRλ(β) =
n∑

i=1

(
yi − β0 −

p∑
j=1

xijβj
)2

+ λ

p∑
j=1

β2
j .

center X and β0 = ȳ

RSSR(β) = ‖y − Xβ‖2 + λ‖β‖2.

β̂R(λ) = argmin
β∈IRp

RSSRλ(β)

λ = 0 β̂R(0) = β̂ ls

λ→∞ β̂R(λ)→ 0
for a well chosen λ, β̂R(0) improves on β̂ ls
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3 equivalent formulations

min
β
‖y − Xβ‖2 + λ ‖β‖2

{
min
β
‖y − Xβ‖2

s.t. ‖β‖2 ≤ t

{
min
β
‖β‖2

s.t. ‖y − Xβ‖2 ≤ k thanks to convexity
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How to minimize the ridge loss
The cost

RSSR(β) = ‖y − Xβ‖2 + λ‖β‖2
= y>y − 2β>X>y + β>X>Xβ + λβ>β
= y>y − 2β>X>y + β>(X>X + λI )β

The gradient

∇βRSS(β, data) = −2X>y + 2(X>X + λI )β

The Hessian
∇2
βRSS(β, data) = 2(X>X + λI )

The Fermat’s rule

β̂R = argmin
β∈IRp+1

RSSR(β) ⇔ ∇βRSSR(β̂R) = 0

The unique solution
β̂R = (X>X + λI )−1X>y



Least absolute shrinkage and selection operator

(Tibshirani, 1996)

given 0 ≤ λ, minimize

RSSRλ(β) =
n∑

i=1

(
yi − β0 −

p∑
j=1

xijβj
)2

+ λ

p∑
j=1

|βj |.

center X and y and set β0 = ȳ

RSSL(β) = ‖y − Xβ‖2 + λ‖β‖1.

Most often, it is advisable to standardize the data





3 equivalent formulations

min
β
‖y − Xβ‖2 + λ ‖β‖1

{
min
β
‖y − Xβ‖2

s.t. ‖β‖1 ≤ t

{
min
β
‖β‖1

s.t. ‖y − Xβ‖2 ≤ k
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The Lasso as a pQP

The Lasso is a pQP {
min
β
‖y − Xβ‖2

s.t. ‖β‖1 ≤ t

introducing αj = |βj |

min
β,α

‖y − Xβ‖2

s.t.
p∑

j=1

αj ≤ t

−αj ≤ βj ≤ αj j = 1, . . . , p
0 ≤ αj



The Lasso as a standard QP

The Lasso

min
β,α

‖y − Xβ‖2

s.t.
p∑

j=1

αj ≤ t

−αj ≤ βj ≤ αj j = 1, . . . , p
0 ≤ αj

A standard QP
min

z
1
2z>Qz − c>z

s.t. Az ≤ b
lb ≤ z ≤ ub

.

.

z = (β>,α>)>, Q = (X>X , 0p; (0p, 0p)), c = (X>y , 0p)>,
A = ((0p, 1p); Ip,−Ip);−Ip − Ip), b = t(1, 0p, 0p)>,
lb = (−∞, 0p)>, ub = (∞,∞)>,



The KKT
The Lasso 

min
β,α

1
2‖y − Xβ‖2

s.t.
p∑

j=1

αj ≤ t

−αj ≤ βj ≤ αj j = 1, . . . , p
0 ≤ αj

The associated lagrangian

L(α;β, ) =
1
2
‖y − Xβ‖2 − λ(

p∑
j=1

αj − t)

+

p∑
j=1

µ−j (−αj − βj) +

p∑
j=1

µ+
j (−αj + βj)−

p∑
j=1

γjαj

(1)



The KKT
First order optimality conditions

β̂L = argmin
β∈IRp

RSSL(β) ⇔ β̂L has to fulfill the KKT

Karush, Kuhn and Tucker (KKT) conditions

stationarity X>(Xβ − y)− µ− + µ+ = 0
λe− µ− + µ+ − γ = 0

primal admissibility
∑p

j=1 αj ≤ t
−αj ≤ βj ≤ αj j = 1, . . . , p
0 ≤ αj j = 1, . . . , p

dual admissibility λ, µ−j , µ
+
j , γj ≥ 0 j = 1, . . . , p

complementarity λ(
∑p

j=1 αj − t) = 0
µ−j (−αj − βj) = 0 j = 1, . . . , p
µ+

j (−αj + βj) = 0 j = 1, . . . , p
γjαj = 0 j = 1, . . . , p



The orthogonal case

β̂L
j =

{
β̂ ls

j − λsign(β̂ ls
j ) 0 ≤ λ ≤ β̂ ls

j
0 else



Lasso implementation as a QP with CVX{
min
β∈IRp

‖y − Xβ‖2

s.t. ‖β‖1 ≤ t

Given X , y and 0 ≤ t

with R

b<-Variable(p)
o<-Minimize(sum((y-X%*%b)^2))
c<-list(sum(abs(b)) <= t)
problem <- Problem(o, c)
result <- solve(problem)

with python

import cvxpy as cp

b = cp.Variable(p)
o = cp.Minimize(cp.sum_squares(X@b-y))
c = [cp.norm(b, 1) <= t]
problem = cp.Problem(o, c)
problem.solve()
print("Cost: ", problem.value)
print("Estimation: ", b.value)

It works as well with other formulations

http://cvxr.com/cvx/download/

http://cvxr.com/cvx/download/






Related regression methods
Ridge + Lasso = Elastic Net

min
β
‖y − Xβ‖2 + λ

(
α‖β‖22 + (1− α) ‖β‖1

)
The Dantzig Selector {

min
β∈IRp

‖β‖1

s.t. ‖X>(y − Xβ)‖∞ ≤ t

The adaptive Lasso

min
β
‖y − Xβ‖2 + λ

p∑
j=1

wj |βj |

The Grouped Lasso
The Fused Lasso
Non convex penalties: MCP
and SCAD
. . . just to name a few



the Lq penalty

Generalize the Ridge (q=2) and the Lasso (q=1)

min
β
‖y − Xβ‖2 + λ

p∑
j=1

|βj |q

and the best subset for q = 0



The Gaussian Hare and the Laplacian Tortoise

Portnoy , Koenker, Statistical Science, 1997



The linear piecewise regularization path of the
Lasso



Principal component regression: PCR
Kendall (1957), Hotelling (1957)

let u1, u2, . . . , up the p singular vectors of matrix X associated with
singular values d1 ≥ d2 ≥ · · · ≥ dp so that X = UDV>

perform a least square on the principal components:

min
β
‖y − Xβ‖2 = min

β
‖y − UDV>β‖2 = min

γ
‖y − UDγ‖2

with γ = V>β. Now consider only k < p components the OLS

γ̂k = argmin
γ
‖y − UkDkγ‖2

transform this vector back

β̂k = Vk γ̂k

It is NOT scale invariant
the solution is a sequence (a path) βk , k = 1, . . . , p



Partial least square: PLS
H. Wold (1975) puis S. Wold (1983)
Initially a procedure (an algorithm, NIPALS)

Better regression direction by taking into account the response variable y
PCA direction PLS direction .

minv ‖Xv‖2
‖v‖ = 1,

minv cov2(y,Xv) = (y>Xv)2

‖v‖ = 1,

Very popular in Chemometrics (analytical chemistry)



Illustration: Regularization paths in 2d



Conclusions

- key issue: Statistics and optimization

- beware: hyperparameter tuning

- focus: details (preprocessing, normalization, intercept. . . )

- my choice: I use the adaptive lasso after variable screening

- my research: non convex and L0 penalty (MIP optimization)


	Linear Methods for Regression
	Introduction
	Linear Regression Models and Least Squares
	Subset Selection
	Shrinkage Methods
	Ridge Regression
	The Lasso
	Related regression methods
	Computational Considerations

	Method using derived input directions
	Conclusions


